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1 Thermodynamics

1.1 The Basics

System: [A] + [B] :g [AB]
[AlIB] _ Foss

Dissociation constant: /g = W =7 = K;!
on

At equilibrium: association rate (k,,[A][B]) = dissociation rate (k,s¢[AB])

Units:
parameter | Unit
[AL[BL[AB] | M
ko | M~1s71
ko ffl s 1
Ky | M
K, | M~!

Ranges for the equilibrium dissociation constant (K;):

mM  non-specific

wM  protein - peptide (SH3)
nM transcription factor - DNA
pM  antibody - antigen

fM  streptavidin - biotin

1.2 Fractional Binding
Fraction of B molecules bound by A is defined as:

[AB]

5=

where [B] is the total amount of [B] in the system:

[Blo = [B] + [AB]
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_ [A]lB] _ K4[AB]
K= = P= T
Ve — [AB] _ [AB][A] _ [AlAB] A
"~ K4[AB] Ka[AB] +[A][AB]  [AB](Kq+[4]) K+ [A]
] + [AB]
YB [A] [A]toml if [B]total << Kd or [A]total >> [B]total

T Ko+ 4 Ki+ [Alrota

1.3 Fractional Saturation Binding Curves

(Q KJL V\,(z Lo 5 Dﬂ

{1eveas "y

— B saturates at concentrations of A two orders of magnitude above K4
— Y changes drastically (is most sensitive) near concentrations of B equal to /4

[B] [B] Bimaz

Note: Y = ~
B+ Kq  [B] + Ky

6]
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1.4 Scatchard Plot

— linearization of the binding curve
— classic approach to determining Ky
— outdated and less accurate than current computer based methods

_ 4] _
Yp = m = YB[A] -+ YBKd = [A]
- A=l

Ys
b= vl

Ka[A] - KaYB[A] = YB

Y,

K,— K, Yg = ﬁ (this now looks similar to: b + ax = )

1 Yg Vg

K, Kq; [4]

slope = !

pe = K,
x-intercept = 1 or B4z
-intercept = —— or
y P K, K,

I

Sbpe = = 1

ov Bq«x

I
—

X - H%c*@c{ﬂL =

Y- i devcept = = o (-3’/\2'/'
K Ko

©Sebastian J. Maerkl



Intro BioE Lecture Notes

1.5 Measuring Ky, ko, kofr

Surface Plasmon Resonance (SPR) based systems

Plow
A
/V“‘(,voﬁf‘((\‘(l‘b A /( 4 k /ﬂ A L(
e Aaanel \‘/A A A /_?v
” &6&339369366583‘52‘2-6—&— 9(){»

L eletectop”
0 Lyt /

Soyvte

@ o [AB]

Order in which parameters should be determined:
1) measure off-rate — obtain k¢
2) measure on-rate — obtain k,,,

3) determine K; = ’Z’f L, determine K, independently
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1.6 Binding Kinetics

Chemical notation:

[A] + [B] & [4B]

kory

System of ordinary differential equations (ODEs):

dAB] _ k. [A][B] — koss[AB]

dt

A = 4B — ks [AB] — kou[A][B]

First let us consider dissociation only:
ko
[AB]=[A] + [B]

W8 = —kos[AB]

Write in standard form:

[AB]' + kosf[AB] =0

Solving the above equation using the integration factor (IF) method:
Determine the integrating factor u:

u=e S koggdt

u = ekorst

Multiply through with u:

kot 11 AB) + k,ppetorfH{AB] = 0

Apply the product rule (ub)’ = uv' + v'v:

(st [AB) =0

Integrate both sides:
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ettt AB] = [0
ekorst[AB] = 0+ ¢

Solve for [AB]:
[AB] = ce Ferst

Determine c using initial values:
att=0: [AB]p =cx1
[AB] = [AB]g * e kesst

Solving the same equation by separation of variables:
Separate variables:

d[AB]

W == —koffdt

Integrate both sides:

[AB
J B = [ —kopsdt
In|[AB]| 4+ ¢ = —kosst + ¢

Solve for [AB]:
In[AB] = —kos5t + ¢

[AB} — e—kofft+c
[AB] = eceFosst

[AB] = ceForst
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1.7 First Order Linear Equations

A short reminder / explanation of how to solve first order linear equations using the integration
factor method.

Standard first order linear equation:
a(x)y +b(x)y = c()

If ¢(z) = 0 then the equation is a homogeneous first order linear equation.
Standard Linear Form:

y + @)y = q(x)

Where the integrating factor u(z) comes from:

wy' +p(z)uy = q(x)u

0" = a(x)u

(uy)" = q(z)u

Product rule:

(uy) = uy' +u'y

works if: v/ = p(z)u

u = p(z)u
Y =p(z)
Integrate:

% = [ p(z)dz

In(u) = [ plz)da

u = efp(x)dx
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1.8 Half-life of Interactions

[AB],

0.5 LAB), -

[AQB]D — [AB]Oefkofftl/g

% = e Kosstiye

ln(%) = —kofftl/g
ln(l) — ln(?) = _kofftl/2

0— ln(2) = —kofftl/g

_ In(2)
b1 = Fors

Some ¢/, examples:
interaction t1/ kogy

streptavidin-biotin | 8 days | 12107 %s~!
antibody - antigen | 20 hours | 1x107°s~!

Zif268 - DNA 11 minutes | 1210 357!
E12 - DNA 1 second | 0.7s7!
Jun - Fos 0.1 second | 7s~!

— Interactions can have high affinity, i.e. low K; values and high dissociation rates...
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1.9 Binding Kinetics: on-rates
452 = kon[A[B] — koys[AB]

dt

In order to solve the above equation we first need to make a couple of simplifying assumptions:

1) assume [A] is constant
2) substitute [B], into [B] — [B]j is also constant

[Blo = [B] + [AB] — [B] = [Blo — [AB]

A5 = kon A([Blo — [AB]) — kogs[AB]

dt

d[AB]
dt

FonlA)[Blo — ko A[AB) — Koy [AB]

[AB]' = kon[A][Blo = (Fon[A] + Koy ) [AB]

Write in standard linear form:

[AB]' + (Kon[A] + kos ) [AB] = kon[A][Blo

Determine the integrating factor u:

u = ef (konlAl+kosp)dt

u = ekon[Al+koss)t

Multiply through with u:

elkonlAl+kor N AB) + (kon[A] + kroff)e(kon[A]+koff)t[AB] = kon[A][B]oeFonAltkors)t

Apply product rule:
(etFonlAlHkor U AB)) = kyp [A][B]geFenlAlthor )t

Integrate both sides:
e(ko,,,[A]Jrkoff)t[AB] + ¢1 = ko[ A][Blo fe(kon[A]-'rkoff)tdt

Kon [A] [B]O e(kon[Al+kogs)t + ¢o

ekonlAl+kor )T AB) 4 ¢ = 20U V70
[ ] ' Kon [A] + kOff
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_Kon[A][Blo + ce~ (konlAltkos )t
kon [A] + k"ff

Determine c using initial values:

[AB] =

att =0, [AB]O =0

kon [A} [B]O
kon [A] + kOf f

kon [A] [B]O
Kon [A] + kOf f

Solution:

0=
c=—

_ kon [A] [B]O
Kon [A] + kOff

and can be rewritten in a slightly more familiar form:

[AB] (1 — e~ (konlAl+kors)t)

[A][Blo

AR = v K,

(1 _ e*(kon[A]‘i’koff)t)
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1.10 Gibbs Free Energy

Standard change in the Gibbs Free Energy is:
A,G° = —RT In K.,
K. — e~ ArGO/RT

eq
For brevity I will simply use AG instead of A, G® when referring to the standard change in the
Gibbs Free Energy.

enevgy

Leackio coovdn ate

AG depends on the steady-state ratio of products to reactants, i.e. 1AB] (Note that K., needs to

be unitless...) A
% = K, which is generally 10 — 102071,

R is the gas constant: 8.31451 JK ~tmol~!

T is the temperature in Kelvin: 298 K (room temperature)

RT = kT Ny ~ 24790 k Jmol~' ~ 0.592 k cal mol™!

Covalent bonds = 100 k cal mol~*

Hydrogen bonds ~ 1 — 10 k cal mol~*
Hydrophobic effect ~ 1 — 5 k cal mol ™
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van der Waals forces ~ < 1 k cal mol™*

AG > (0 = endergonic reaction
AG < 0 = exergonic reaction (occur spontaneously)

Ko | kcalmol™ | k Jmol™*
10712 16.35 68.49
10-¢ 8.18 34.25
1073 4.09 17.12

1 0 0

103 -4.09 -17.12
106 -8.18 -34.25
1012 -16.35 -68.49

Example:

[DNA.] + [TF)= [DNA.-TF)]

DN A, is a consensus DNA molecule (CACGTG for example)

Let’s assume the affinity of our transcription factor (TF) to DN A, is:

Ki.=10" M

and therefore the standard change in the Gibbs Free Energy for this reaction is:

AG, = —12.27 k cal mol ™!

For anther DNA target with a different sequence i (CACGAG for example) we have the following:
[DNA;|+ [TF] = [DNA; - TF]

Kii =10 M

AG; = —10.91 k cal mol ="

By definition the consensus sequences is the target sequence to which the Transcription Factor

binds with the highest affinity (by this definition there can be only one consensus sequence). All
other target sequences are bound by the transcription factor with lower affinity.
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From this we can calculate the difference in affinity (AAG;) between the two DNA targets DN A,
and DN A;:

AAG; = AG; — AG,. = —10.91 kcal mol™ + 12.27 k cal mol™' = 1.36 k cal mol~*

One order of magnitude difference in affinity equals an energy difference of 1.36 k cal mol ! or ~
one hydrogen bond.

More generally we define AAG:

AAG; = AG; — AG. = —RT'ln K; + RT'Iln K. = —RT(In K; — In K_.)

K
AAG; = —RTIn —
n X

1.11 Collision Theory
k(T)= Zpe Pu/rT

8kyT
Z = Na OAB WUZB

p =steric factor
Z =collision frequency
0 4p =reaction cross section = %(dA +dg)

_ _ _mamp
uap =reduced mass = Py

References:
Wikipedia: Collision theory

1.12 Arrhenius Equation
KT) = Ae /m

Reaction rate depends on A, the pre-exponential factor, which is related to Zp of the collision
theory.

It also depends on the activation energy £,
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In diffusion limited reactions, k(7") only depends on A which is shown in the next section.

References:
Wikipedia: Arrhenius equation

1.13 Diffusion-limited Reactions
k(T) =4mrDNy

where:

r = r4 + rp reaction radius

and:

D = D4 + Dg Diffusion coefficient

Example:

r=10nm = 10"%cm

D = 1075 em? s~ ! (diffusion coefficient for a small protein)

k(T) =4m1075107%6 % 10% cm3s 'mol ™' = 7.5 em®s 'mol ™' = 7.5 x 109 M 157!

References:
Wikipedia: Diffusion controlled reaction
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